For the past thirty years I've been corresponding with my high school calculus teacher, Mr. Don Joffray. During that time, he went from the prime of his career to retirement, competed in whitewater kayak at the international level, and lost a son. I matured from teenage math geek to Ivy League professor, suffered the sudden death of a parent, and blundered into a marriage destined to fail.
For the past thirty years I've been corresponding with my high school calculus teacher, Mr. Don Joffray. During that time, he went from the prime of his career to retirement, competed in whitewater kayak at the international level, and lost a son. I matured from teenage math geek to Ivy League professor, suffered the sudden death of a parent, and blundered into a marriage destined to fail.
What's remarkable is not that any of this took place-such ups and downs are to be expected in three decades of life-but rather that so little of it is discussed in the letters. Instead, our correspondence, and our friendship itself, is based almost entirely on a shared love of calculus.
A s academics, many of us like to isolate a piece of the world to study: an important social issue, a central philosophical problem, a key moment in history. We know we're oversimplifying but we do it anyway-it's the only way to make progress, and what's more, our little worlds are often more beautiful than the real one. In the following excerpt, you'll meet a teacher and a student at the beginning of what would turn into a 30-year correspondence and friendship based on a mutual love of math problems. It may seem an alien world, but it's just another little haven of thought, a place where all problems have solutions-except, as you'll see, when they don't.

The Calculus of Friendship by Steven Strogatz
It never occurred to me how peculiar this is until Carole (I'm happily remarried now) teased me about it. ''You've been writing to him for thirty years? You must know everything about each other.'' Not really, I said. We just write about math problems. ''That is such a guy thing,'' she said, shaking her head.
Her question got me thinking. What did I really know about my teacher? Why had so much gone undiscussed between us? On the other hand, we both enjoyed our correspondence the way it was, so was there any problem here?
Questions like these have kept nagging at me. I'm not sure how to go about answering them or if I should even try. All the while, I find myself looking for clues in a green Pendaflex folder in my office, stuffed four inches thick with letters about math problems.
I
was fifteen when I took calculus from Mr. Joffray. One thing about him was unlike any other teacher I' d ever had: he worshipped some of his former students. He' d tell stories about them, legends that made them sound like Olympian figures, gods of mathematics. In my own case, he was more a fan than a teacher, always marveling at what problems I could invent and solve. It felt slightly strange to be so admired by my own teacher. But I can't say I minded it.
After I graduated, something in me wanted to stay in touch with him. My first letters were about math problems that I thought he' d enjoy, gems I' d picked up in my college courses. The letters were infrequent, about one a year. I suppose he must have written back to me, but none of his responses have survived. It never occurred to me to save them.
It was only a decade later, when I was just starting my career as a professor, that our correspondence began to flourish. The pattern was always the same: Mr. Joffray would write to ask for help with a problem that had stumped him, typically a question raised by one of his seniors in the most advanced math class at the school. When one of these letters arrived in the mail, I stopped whatever I was doing to see if I could help. For one thing, they posed fascinating little questions, beautiful excursions off the beaten track of calculus. But maybe more important, they gave me a chance to explain math to someone who loved learning it, the best student any teacher could have-someone with perfect preparation and an evident sense of delight and gratitude.
With his retirement a few years ago and no more students to stimulate him, our correspondence began to wane. Not in frequency-in fact, he wrote to me In my own case, he was more a fan than a teacher, always marveling at what problems I could invent and solve.
more than ever-but in intensity and reciprocity. It got to the point where I simply couldn't keep up with him. Yes, he reassured me, he understood all that, and urged me not to worry; he knew how busy I must be in my career and with all the new obligations that come with raising a family. But it still felt like we were drifting apart. Ironically, I was now the same age that he was when he taught me in high school.
In January 2004, yet another letter arrived. But this time I felt anxious when I saw the envelope. The uncharacteristically tremulous handwriting reminded me of my dad's after his Parkinson's had set in. This glimpse of mortality awakened me to how much I' d been overlooking all these years. I felt compelled to come to know the man behind the math.
Sat
Calculus is the mathematical study of change. Its essence is best captured by its original name, ''fluxions,'' coined by its inventor, Isaac Newton. The name calls to mind systems that are ever in motion, always unfolding.
Like calculus itself, this story is an exploration of change. It's about the transformation that takes place in a student's heart, as he and his teacher reverse roles, as they age, as they are buffeted by life itself. Through all these changes, they are bound together by a love of calculus. For them it is more than a science. It is a game they love playing together-so often the basis of friendship between mena constant, while all around them is in flux. C alculus thrives on continuity. At its core is the assumption that things change smoothly, that everything is only infinitesimally different from what it was a moment before. Like a movie, calculus reimagines reality as a series of snapshots, and then recombines them, instant by instant, frame by frame, the succession of imperceptible changes creating an illusion of seamless flow.
This way of understanding change has proven to be powerful beyond wordsperhaps the greatest idea that humanity has ever had. Calculus enables us to travel to the moon, communicate at the speed of light, build bridges across miles of river, halt the spread of epidemics. Without calculus, modern life would be impossible.
Calculus is the mathematical study of change. Its essence is best captured by its original name, 'fluxions,' coined by its inventor, Isaac Newton.
Yet in another way, calculus is fundamentally naive, almost childish in its optimism. Experience teaches us that change can be sudden, discontinuous, and wrenching. Calculus draws its power by refusing to see that. It insists on a world without accidents, where one thing leads logically to another. Give me the initial conditions and the law of motion, and with calculus I can predict the future-or better yet, reconstruct the past.
I wish I could do that now. Unfortunately, my correspondence with Mr. Joffray is riddled with discontinuities. Letters were lost or discarded. Those that remain are fragmentary and emotionally muted, and sometimes prone to half-truths, silver linings, and deliberate omissions. I t was my sophomore year, spring term 1974. I was taking precalculus with a different teacher, Mr. Johnson, an MIT graduate, a tall, stern man, about 35 or 40, very fair but not given to smiling.
Some of my friends were in Mr. Joffray's section of the same class. I' d never talked to him and did not know much about him. There were rumors he' d been the national champion in whitewater kayaking. He was physically impressiveanyone could see that-big chest, muscular arms and legs, close-cropped hair. He looked like a stronger version of Lee Marvin, whom I' d seen in lots of war movies.
When we were learning about the rigorous definition of continuity-a very fundamental, difficult concept in calculus-Mr. Johnson told us something I' d never heard a teacher say before. It was ominous. He said he was going to present some ideas we wouldn't understand, but we had to go through them anyway. He was referring to the ε -δ definition of continuity:
He said we' d need to see this four or five times in our education and that we' d understand it a little better each time, but there has to be a first time, so let's start.
It was difficult. Kids in our class were having a lot of trouble following the logic of these ε -δ arguments.
And then word filtered back to us that Mr. Joffray was doing things very differently in his class. He wasn't even trying to explain ε and δ. He' d defined a continuous function as one whose graph you could draw without lifting your pencil from the paper.
That told me a lot. Of course that was the intuition of what ''continuity'' must mean. But to leave it at that struck me, with my sophomore mentality, as taking the easy way out. It was soft. It was avoiding the issue. And so I began with a suspicion about Mr. Joffray, that he wasn't really hard core. I was glad I was in Mr. Johnson's class.
T he following year, Mr. Joffray was my teacher. Now I was able to take the measure of the man up close. Again I was impressed by his sheer physicality. His hands were the biggest I' d ever shaken-my hand was engulfed by his. And when he' d write on the blackboard, the chalk would pulverize with each stroke. Shards and splinters would fly off. Smithereens and dust all over him by the end of class.
He seemed to be very outdoorsy (something that had never appealed to me-I played tennis and basketball but never liked the woods-too many bugs-or canoeing or backpacking or any of that). A yearbook photo captured Mr. Joffray in his preferred habitat: high in a tree, inspecting a birdhouse he' d built. He was also faculty advisor to a group called the Darwin Club. I have no idea what they did, but it was outdoorsy nature stuff.
Anyway, what was his class like? Fun and pleasant. Low key. He was a happy man, friendly, always enthusiastic, though about strange things. He' d stride in and start talking about a goat that is tethered to a tree by a long rope. The stubborn animal pulls the rope taut and tries to walk away from the tree but ends up wrapping itself around the tree in a tighter and tighter spiral. And then he' d ask us to find an equation for the goat's spiraling path.
I didn't know what to make of it. This wasn't suave, serious Mr. Johnson with his impressive MIT background. I felt like I was being taught by some sort of person I couldn't recognize.
But he was certainly jovial, so it was not an issue. The math itself was interesting and came easily. I could learn it all from the book. His class did not add much, except for the weird nature problems.
On those signature occasions when he' d interrupt the class to tell us about his best former students, invariably he' d be in the middle of a calculation and then lapse into a reverie, with a faraway look in his eye and a smile breaking out. Then, in a hushed tone, he' d tell us about the time that Jamie Williams wrote down a formula for the nth term of the Fibonacci sequence.
Actually, that achievement did deserve reverence. As you may remember, the Fibonacci sequence is 0, 1, 1, 2, 3, 5, 8, 13, 21, 34 .... The sequence starts with the numbers 0 and 1, and after that each number is the sum of the two before it. The problem is, if F 0 =0 and F 1 =1, find a formula for F n , the nth term. You' d want such a formula if you were interested in F 100 or F 1000 ; you wouldn't want to have to add A yearbook photo captured Mr. Joffray in his preferred habitat: high in a tree, inspecting a birdhouse he' d built.
up 100 or 1000 intermediate terms to get the answer. So is there a short-cut formula that expresses F n directly in terms of n? The answer is amazing:
How did Jamie Williams ever come up with that? W ith the passage of time I see now that I was like the goat tethered to the tree-and Mr. Joffray was the tree. I pulled taut on the rope and tried to get away from him, but only ended up wrapping myself closer and closer to him, all these years.
How did that happen? It wasn't because he taught me so much in the usual sense. No, his approach was so humble and unconventional, it confused me. It made me feel superior to him. I'm embarrassed to admit that, but it's true.
Here's what he' d do.
He' d suggest a problem, very gently, not at all insistent, and then he' d step aside. Often Ben Fine and I would compete to see who could solve it. Or if we could both solve it, who could solve it better.
Ben was a brilliant kid, a year younger than me, owlish and small, with sophisticated interests. (I often felt cloddish next to him.) And his math style was that of a languorous genius. He' d ponder the question without writing anything-he was a philosophe. Then, with a lightning stroke, he' d write a few lines of equations, render a poor sketch or two, and bam! He' d solved it.
Whereas I was a grinder. Not nearly as clever as Ben (and in retrospect, I see that he had much more talent for math than I did). My style was brutal. I' d look for a method to crack the problem. If it was ugly or laborious, with hours of algebra ahead, I didn't mind because the right answer was guaranteed to emerge at the end of the honest toil. In fact, I loved that aspect of math. It had justice built into it. If you started right and worked hard and did everything correctly, it might be a slog but you were assured by logic to win in the end. The solution would be your reward.
It gave me great pleasure to see the algebraic smoke clear. And there was another reward. Mr. Joffray was an incredible cheerleader. He' d sometimes watch me and Ben, the tortoise and the hare, with a look of such admiration, almost awe, and happiness too.
At the end of my junior year, the school held its annual award ceremony. My name was called when they announced the Rensselaer prize for the top junior in math and science, and if I remember right, Mr. Joffray made a speech about me. He portrayed me as a mountain climber, ascending the mathematical peaks and then returning with tales of what I' d seen.
He made me sound generous, and heroic.
H aving finished the math courses offered by the school, I spent my senior year teaching myself, detached from Mr. Joffray. I' d sit alone for an hour every day in an empty classroom, reading a textbook on multivariable calculus or trying to rederive Huygens's results about cycloidal pendulums.
At other times I did a kind of research, often about chase problems. These problems of pursuit, as mathematicians call them, completely captivated me.
The first one I ever heard of came from Mr. Joffray. It went like this: Suppose a postman is trying to escape from a dog chasing him. The postman starts at the origin and runs away in a straight line at a constant speed v. Meanwhile, the dog starts at a point somewhere off that line and runs with constant speed w, instantaneously swerving in such a way that it is always heading straight toward the postman's current location. Find the equation for the curve traced out by the dog.
If you started right and worked hard and did everything correctly, it might be a slog but you were assured by logic to win in the end.
Another one was quintessential Joffray: A man in a kayak, paddling across a river, is trying to reach a certain point on the opposite shore. The kayaker, being a determined and not-too-clever sort, always aims directly toward his destination even as he's being carried downriver by the current.
Suppose that the river flows with constant speed v and the kayaker paddles with constant speed w relative to the river. Find the path traced out by the kayak.
These two chase problems-the dog and postman, and the determined kayaker-are both exercises in differential equations. Such equations are what calculus is all about: flux and change. A differential equation describes how a system changes its behavior in response to the ever-changing forces on it. All the pushes and pulls nudge the system to be in some new condition, or some new place, where the forces are different again. For instance, in the dog-vs.-postman problem, the man keeps moving, so the dog has to keep revising its directional heading. It does that instantly. T hat's the breathtaking idea behind all of calculus-you think about what's happening at an instant, in an infinitesimal unit of time-and you can actually deal with that ineffable idea, make it into a powerful predictive tool. Here we can write down a differential equation that captures the idea of ''aiming,'' of the fact that the dog changes its course heading at every instant. And by solving that equation, we learn the whole path that the dog must follow. The whole trajectory is built of all the infinitesimal steps the dog takes en route to its prey.
This vision of the world-that everything can be viewed as the accumulation of infinitesimal changes-is the most revolutionary insight of calculus. Figuring out how to turn this idea into workable mathematics was the breakthrough that allowed calculus to be invented in the first place, back in the 1600s. Isaac Newton was trying to calculate how the planets move. He did this by thinking of the planets as being acted on by the ever-changing force of gravity. As they orbit the sun, they change their distance from it, which changes the gravitational tug they feel, which then steers them to a new place in the next instant, where the force is again slightly different, and so on. Solving for the motion of the planets becomes a problem in differential equations.
So by playing with chase problems, you can feel like you're in the company of Newton. And you are. I loved that about them.
T he chase problems that Mr. Joffray had tossed out were challenging but ultimately manageable. Their compliant character reinforced my feelings about mathematical justice. All you had to do was translate the word problem into the right equations; find the right substitutions; work calmly and logically and grind though the algebra without doing anything wrong; and sure enough, the right answer would pop out. It had to.
The first hint that something was wrong with this gauzy vision came when I concocted a question of my own. It seemed a lot like the other chase problems I' d solved, but for some reason it was turning out to be strangely obstinate. I spent months on it. It was frustrating, tantalizing, and delicious. With enough effort, I felt sure I could solve it, and all the months of frustration would make the conquest that much sweeter.
The question was, suppose a dog at the center of a circular pond sees a duck swimming around the circumference. The dog chases the duck by always swimming straight toward it. In other words, the dog's velocity vector always lies along the line connecting it to the duck. Meanwhile, the duck takes evasive action by swimming around the edge of the pond as fast as it can, always moving counterclockwise. Assuming both animals swim at the same constant speed, find an equation for the dog's path.
It's clearly some sort of spiral that asymptotically approaches the circle where the duck is. But what's the equation for such a spiral? Unlike the spiral of a tethered goat winding itself tighter and tighter around a tree, this is an expansive spiral, growing away from its center but limited by a circular boundary it can never cross. A fascinating path.
I couldn't calculate it. I tried every conceivable change of variables and even managed to reduce the problem to a beautiful differential equation, one that looked like it should be tractable. But I could never solve that one either.
What I didn't know yet was that some math problems are unsolvable. No explicit answer is possible; in this case, there's no formula for the dog's spiraling path. It's indescribable in terms of the elementary mathematical functions we're used to. You might say our language isn't up to the task.
In later years I' d realize that this is the rule, not the exception. Most differential equations are unsolvable in the same sense. Our library of formulas isn't rich enough to encompass them. Which makes those few problems we can solve-the ones they give you in high school-seem all the more precious. I n the June 1961 Mathematical Games column in Scientific American, Martin Gardner posed a riddle that has become a favorite in courses on the psychology of creativity:
One morning, exactly at sunrise, a Buddhist monk began to climb a tall mountain. The narrow path, no more than a foot or two wide, spiraled around the mountain to a glittering temple at the summit.
The monk ascended the path at varying rates of speed, stopping many times along the way to rest and to eat the dried fruit he carried with him. He reached the temple shortly before sunset. After several days of fasting and meditation he began his journey back along the same path, starting at sunrise and again walking at variable speeds with many pauses along the way. His average speed descending
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~ ~ ~ ~ was, of course, greater than his average climbing speed.
Prove that there is a spot along the path that the monk will occupy on both trips at precisely the same time of day.
You might want to think about this for a minute. Can you come up with a convincing argument why this has to be true? You don't have to figure out where the magic spot is-its location will depend on the unknown details of how fast the monk walked, how long he paused, and so on. You just have to prove that such a spot must exist, somewhere.
Many people feel that this problem is impossible, that not enough information has been given. And it's certainly true that you can't solve it with words or algebra. Give it a try and then read on.
One approach is pictorial. Suppose we draw a graph of where the monk is at different times of day. On the ascent, the graph starts at the bottom at sunrise, then rises on a wiggly path (wiggly because of the monk's pauses and variable walking speed), and finally reaches the top just before sunset.
Now think about what the corresponding graph looks like on the way down. It's another wiggly curve. We know almost nothing about its shape, except that it starts at the top and ends at the bottom. F ortunately, that's enough information to solve the problem. When you put the rising and falling graphs on the same axes, it's clear they have to cross each other somewhere. At that intersection point, the monk is at the same place at the same time on both days.
If you don't find this argument convincing enough, you can make it more rigorous with calculus. Assuming that both curves are continuous functions of time (meaning that the monk moves continuously along the path and does not jump from point to point or use a jet pack), the intermediate value theorem guarantees that the rising and falling curves have to cross somewhere.
All this is fine, but it's still not the best argument. The best argument uses only common sense and some imagination. It's a nice example of the role of visualization in a mathematical proof. QED I magine the monk as two people, one climbing the mountain, one descending, and both starting at dawn on the same day. In other words, superimpose the events of both days and watch what happens. His climbing self will encounter his descending self somewhere on the mountain. And when he does, he'll be at the same place at the same time.
When I look back on where Joff and I were in the fall of 1989, I'm reminded of the monk and the mountain. Our correspondence was about to take off like never before, right at the point where our careers began to cross, his descending and mine on the rise. We were now at the same place at the same time, though taking separate journeys.
